The statistical behavior of magnetic lines in a sheared magnetic configuration with reference surface xϭ0 is investigated within the framework of the kinetic theory. A Liouville equation is associated with the equations of motion of the stochastic magnetic lines. After averaging over an ensemble of realizations, it yields a convection-diffusion equation within the quasilinear approximation. The diffusion coefficients are space dependent and peaked around the reference surface xϭ0. Due to the shear, the diffusion of lines away from the reference surface is slowed down. The behavior of the lines is asymptotically strongly non-Gaussian. The reference surface acts like an attractor around which the magnetic lines spread with an effective subdiffusive behavior. Comparison is also made with more usual treatments based on the study of the first two moments equations. For sheared systems, it is explicitly shown that the Corrsin approximation assumed in the latter approach is no longer valid. It is also concluded that the diffusion coefficients cannot be derived from the mean square displacement of the magnetic lines in an inhomogeneous medium.
I. INTRODUCTION
The description of turbulence phenomena in a high temperature plasma is a central issue for fusion. It has long been recognized, indeed, that classical transport theories based on the binary collisions assumption do not fully account for the behavior of a hot magnetized plasma.
1 Various other explanations have thus been proposed, among which magnetic turbulence appears as a plausible candidate.
2-25 Magnetic fluctuations, even very small, can highly disturb or even fully destroy the nested magnetic surfaces configuration which ensures confinement. In the latter case, the magnetic field is completely stochastic and a single magnetic line fills a threedimensional region. This implies that the particles make important radial excursions, which drastically enhance the radial transport in the system yielding increasing leaks. Here, we restrict ourself to the geometrical aspect of this problem without considering particle collisions. We thus describe the statistical properties of the magnetic lines alone.
In most studies devoted to magnetic turbulence, [2] [3] [4] [5] [6] [7] [8] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] just like in the present paper, the magnetic fluctuations are given, i.e. the statistical properties of the field are specified from the start. Such a description is of course a simplification, and a more complete treatment would consider the field self-consistently. Here, it is assumed that the magnetic field observed in the laboratory reference frame ͑Eulerian picture͒ is a Gaussian random variable. 13, 17, 24, 25 Another simplification concerns the geometric modelisation of the system. A full description of a tokamak-like machine would require the use of rather complicated toroidal coordinates. We thus adopt the so-called slab approximation. 4, 5 In comparison with a previous study, 25 however, we refine the model by including the shear, 4, 5, 9, 13, 15, 16, 20 which is shown to have important effects. The presence of finite shear introduces a convection term in the equations of motion for the two components of the field lying in the plane xϪy perpendicular to the z-component of the main magnetic field. More precisely, any x-displacement gives rise to a displacement along y which is of zeroth-order in the fluctuation. From a statistical point of view, such a convection mechanism has crucial consequences. It implies that the length of a magnetic line between two fixed z-values is greater in sheared than in shearless systems. Consequently, the twopoint correlations of the magnetic field evaluated along a magnetic line ͑Lagrangian picture͒ vanish quicker in the presence of shear than in its absence. 12, 13, 16 The ''diffusion'' of the lines is thus slowed down. Such an intuitive picture is however misleading, because it may yield two different interpretations. On one hand, one could expect that the behavior of the magnetic lines in a sheared configuration remains strictly diffusive, the effect of the shear being simply to reduce the diffusion coefficient. To the best of our knowledge, such a picture has been rather uniformly adopted in the plasma fusion literature. 12, 13, 16 It should be noted, however, that the ''strict-diffusion'' picture does not exhaust the possibilities. Indeed, we show in this paper that the shear changes the nature of the process, yielding an effective subdiffusive behavior for the magnetic lines.
We will start by some discussions about the mathematical tools for describing the situation with shear. It will actually appear that the presence of shear requires to give up the Langevin description. The difficulties of the latter will be pointed out in Sec. II, where the model is presented; these difficulties are clearly related to the inhomogeneity introduced by the shear. In Sec. III, we introduce a Liouville equation for representing the motion of a magnetic line. This Liouville equation is averaged over an ensemble of realizations of the magnetic field, yielding a convection-diffusion equation whose coefficients are space-dependent. The importance of the latter point is underscored in Sec. IV: It is shown, indeed, that in such a case, the diffusion coefficient is not proportional to the second moment of the probability distribution function. In Sec. V, we derive a Smoluchowski equation by averaging the convection-diffusion equation over y: We thus restrict ourselves to a radial description ͑i.e.
along x͒ of the system. An analytical study of the Smoluchowski equation is performed and its results are compared to a direct numerical simulation. The solution is analyzed in Sec. VI, where various stages of diffusion are pointed out. Finally, concluding remarks are given in Sec. VII.
II. STATEMENT OF THE PROBLEM
The magnetic field considered in the present work is decomposed into an average part and a fluctuation. The average component contains a strong component conventionally directed along the z-axis of a Cartesian reference frame ͕x,y,z͖ and a small component proportional to x along the y-axis representing the shear. The fluctuating part of the field lies in the xϪy plane, 12 We complete the description of the model by specifying the statistical properties of the fluctuating magnetic field b.
24,25
The latter is assumed to be a centered Gaussian process, which is determined by its two-point correlation, 
In spite of its apparent simplicity, the solution ͑in a statistical sense͒ of Eqs. ͑3͒ is a challenging problem. 
͑Corrsin͒. ͑5͒
The second step in Eq. ͑5͒ means that we approximate the field b͓r͑͒;͔ by the field met by a particle that moves on the same path but independently from the magnetic field. In the present problem, Eq. ͑5͒ is, however, the source of a difficulty. We have indeed assumed that the Eulerian average of b vanishes. Equation ͑5͒ would then imply that the Lagrangian average of b also vanishes. Hence, we would conclude from Eqs. ͑3͒ that
where x 0 ϭx(0) and y 0 ϭy͑0͒ are the deterministic initial conditions. Equations ͑3͒ can then be transformed into equations for the deviations ␦r͑͒ϭr͑͒Ϫ͗r͑͒͘. If the magnetic perturbation is weak, one can take into account only the leading influence of b ͑quasilinear approximation͒. It yields, for instance for Eq. ͑3a͒,
This equation is readily integrated using Eq. ͑6͒ and the mean square displacement would then yield ͓using ͑4a͔͒
and hence ͓using ͑4b͔͒
.
͑8͒
Although this formula gives the well-known quasilinear limit for the shearless case ͑L s →ϱ͒, 6,8,12,13,24,25 it exhibits contra-dictory features when L s is finite: On one hand, Eq. ͑7͒ implies that the process is diffusive, i.e. that the mean square deviation ͑MSD͒ grows linearly in time when goes to infinity. But, on the other hand, the diffusion coefficient
͑7͒ depends on the initial condition x 0 . Hence, according to Eq. ͑7͒, a magnetic line located initially in x 0 can be found on the average in a region whose spreading grows more and more up to infinity, but whose growth rate for all times depends on the initial position of the line. This memory effect does not correspond to the actual physics and spuriously comes from the very first approximation ͑5͒: If taken along the trajectory ͑Lagrangian picture͒, the mean of the fluctuating part of the magnetic field is not necessarily zero, i.e. ͗b͓r͑͒;͔͘ 0, and hence ͗x͑͒͘ x 0 and ͗y͑͒͘ y 0 ϩx 0 L s Ϫ1 . Such a property is well known even for very simple systems; nonlinear equations like Eqs. ͑3͒ can produce so called noise induced drifts. [29] [30] [31] [32] Consequently, the Corrsin approximation ͑5͒ is not appropriate to the present problem. The right way is based on a kinetic treatment of Eqs. ͑3͒.
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III. THE CONVECTION-DIFFUSION EQUATION IN THE QUASILINEAR LIMIT
The stochastic Liouville equation associated with Eqs. ͑3͒ is 2,12,23,25,33
where f is the probability distribution function ͑PDF͒ on the phase space ͕r͖ϭ͕x,y͖. We take as initial condition f ͑r;0͒ϭ␦͑rϪr 0 ͒. Equation ͑9͒ is thus totally equivalent to Eqs. ͑3͒, which implies f ͑r;͒ϭ␦͓rϪr͔͑͒, where r͑͒ is the solution of Eqs. ͑3͒. As usual, we split the PDF into an average and a fluctuating part, f ϭFϩ␦ f , Fϭ͗f͘, ͗␦f͘ϭ0.
They obey the following equations:
where we have used the zero divergence constraint ٌ-bϭ0. The unperturbed propagator of Eqs. ͑10͒ is the solution of where the operator ٌ is defined by
In the quasilinear approximation, the -displacement of the PDF appearing in the right hand side of Eq. where the ͑nonsymmetric͒ diffusion tensor D͑x͒ is
where s ϭ ʈ L s Ϫ1 . The x-dependence of the diffusion tensor D͑x͒ follows from the privileged role played by the surface xϭ0 in our model. It shows that this surface influences the statistical properties of the fluctuations in its neighborhood. It must also be stressed that the x-dependence of D͑x͒ is a consequence of the magnetic field correlation ͑4b͒. In any non-self-consistent theory of magnetic fluctuations ͑such as ours, and as most other existing treatments͒, there is an element of arbitrariness in the choice of the statistics of the fluctuating field. We believe that our choice ͑4b͒ is physically sensible, as expressing a natural gyrotropy ͑the same choice appears in Ref. 13͒ . The shear produces a rotation effect on the correlation function, but this is clearly accounted for in our treatment by the action of the propagator In this case the action of g 0 annuls the effect, and one finds a constant diffusion tensor as in the shearless case ͓actually, Eqs. ͑17͒ for xϭ0͔. We believe, however, that this results from a double-counting of the rotation effect. Finally, let us compare the results of this section with those obtained by using the Corrsin approximation ͑see Sec. II͒: Using Eqs. ͑10a͒ and ͑16͒, one first notes that the quasilinear approximation implies ͗b͑r;͒␦ f ͑ r; ͒͘ϭϪD͑x͒-ٌF͑r;͒.
One thus gets for the Lagrangian correlation of the magnetic field ͓see Eq. ͑5͔͒ ͗b͓r͑͒;͔͘ϵ ͵ dr͗b͑r; ͒␦ f ͑ r;
where D T is the transposed of D. In the shearless case ͑L s →ϱ͒, the x-dependence of the diffusion tensor disappears, i.e. D i j (x)→ͱ/2␤ 2 ʈ ␦ i j . From Eq. ͑18͒, one thus sees that the Lagrangian correlation of b is zero if L s →ϱ. It justifies the Corrsin approximation in the shearless system. However, this argument fails for finite shear, i.e. when D͑x͒ depends on x. According to Eq. ͑18͒, the Lagrangian correlation of b is nonzero in a sheared system. More precisely, Eq. ͑18͒ implies ͗b x ͓r͑ ͒;͔͘ 0, ͗b y ͓r͑ ͒;͔͘ϭ0.
͑19͒
Consequently, the quasilinear kinetic treatment presented here goes beyond the Corrsin-based treatment given in Sec. II ͓see Eqs. ͑5-8͔͒. In some sense, it gives an estimation for the accuracy of the Corrsin approximation, which is shown to miss the inhomogeneous character of the process.
IV. KINETIC EQUATION VERSUS MOMENTS EQUATIONS
Let us consider a general advection-diffusion equation like Eq. ͑16͒, ‫ץ‬ F͑r; ͒ϩٌ-u͑ r; ͒F͑ r; ͒ϭٌ-D͑ r; ͒-ٌF͑ r; ͒, ͑20͒
with ٌ-uϭ0. In this section, we are interested in the following question: Under which conditions about the drift vector u and diffusion tensor D, can we derive from Eq. ͑20͒ a closed set of equations for the first two moments of the PDF? The latter are defined by ͑͒ϭ ͵ dr rF͑r;͒,
The It is now clearly seen again that the complication of this equation is due to the space dependence. When u͑r;͒ϭu͑͒, the first two terms in the right hand side cancel each other. When, moreover, D jn ͑r;͒ϭD jn ͑͒, the next two terms vanish and we are left with ‫ץ‬ ͗␦r 2 ͑ ͒͘ϭ2TrD͑͒. ͑26͒
TrD͑͒ is thus identified with the running diffusion coefficient. If the system is gyrotropic, D mn ͑͒ϭD͑͒␦ mn , and if its behavior is truly diffusive ͓lim →ϱ D͑͒ϭDϾ0͔, then we find the usual relation between the mean square displacement and the diffusion coefficient,
where d is the dimensionality. The comparison between Eqs. ͑25͒ and ͑26͒ or ͑27͒ should be a warning against the use of the ''standard'' definition of the diffusion coefficient in situations where it is not valid. In particular, Eq. ͑16͒ clearly shows that u and D are both space-dependent in a sheared magnetic field, hence Eq. ͑27͒ is invalid.
V. THE SMOLUCHOWSKI EQUATION
Both theoretically and for the problem of radial transport in a tokamak, the interesting part of the PDF F comes from its x-dependence. We thus restrict the study of Eq. ͑16͒ to the x-variable by integrating this equation over y. In the dimensionless variables rϭr Ќ Ϫ1 and ϭ ʈ Ϫ1 , Eqs. ͑16͒ and ͑17͒ become
where
and
Here n(x ;) is appropriately called the density profile; d m is the well-known quasilinear magnetic line diffusion coefficient in the shearless limit. 6, 8, 12, 13, 24, 25 In this section we perform an analytical study of Eq. ͑28͒ in the range s Շ1, and we compare the results to a direct numerical solution. The analytical study proceeds as follows: First, we introduce the new variable ͑from here on we suppress the hat on the dimensionless variable x ) 31 , ϭ ͵ 
n(x;) ͉xϭx() . Boundary and initial conditions are n (Ϯϱ;)ϭ0 and n (;0)ϭ␦(). The drift coefficient V is
When s Շ1, the drift term in Eq. ͑32͒ is a small correction. One thus introduces the decomposition, 37 n ϭn 0 ϩn 1 , ͑34͒
and, neglecting higher order terms, we split Eq. ͑32͒ into
The solution of Eq. ͑35a͒ is
The expression ͑36a͒ is the Green function of Eq. ͑35b͒, which yields
Finally, going back to the variable x, Eqs. ͑36a͒ and ͑36b͒ can be combined into a single expression which reduces, after some straightforward algebra, to
The latter expression is plotted in Figs. 1 
The exact solution of Eq. ͑39͒ is
where c is a constant of integration. Both Eqs. ͑39͒ and ͑40͒
are invalid around ϭ0. , Eq. ͑40͒ yields
͑41͒
This expression is nonsingular in xϭx 0 : It actually provides an approximation for the solution of Eq. ͑32͒ valid for all x when the latter has spread over a wide x-range ͑see Figs. 3 and 4͒. We also note that Eq. ͑41͒ is asymptotically compatible with the ''generalized'' Gaussian exp͕Ϫx 2 /D͑ s x͖͒, which could be guessed from Eq. ͑28͒. Finally, the constant c is determined by the normalization constraint. One gets
where ⌫͑z͒ is the Gamma function. Equation ͑41͒ will be analyzed in Sec. VI B.
VI. THE VARIOUS STAGES OF DIFFUSION
We now analyze the behavior of the solution of Eq. ͑28͒. It can be divided into two distinct stages in which one uses either the solution ͑37͒ or the solution ͑41͒.
A. The quasi-Gaussian initial stage
Both the approximation ͑37͒ and the solution obtained from numerical simulation of Eq. ͑28͒ are plotted in Figs. 1 and 2 for two initial conditions x 0 and two values of . They are compared to the local Gaussian packet solution,
͑43͒
If x 0 ϭ0, D( s x 0 ͒ϭd m and Eq. ͑43͒ reduces to the usual Gaussian density profile in the absence of shear. For not too large values of , the absolute values of the factors entering the exponentials in Eq. ͑37͒ grow rapidly with ͉xϪx 0 ͉. Hence, the density profile is rather sharply centered around xϭx 0 . Due to the inhomogeneous diffusion coefficient which decreases with ͉x͉ in Eq. ͑28͒, the density profile spreads slower ͑resp. faster͒ than n GAUS away far from ͑resp. near to͒ the reference surface xϭ0. This effect can be characterized by the centered moments of the density profile ͑37͒, FIG. 2 . The numerical solution of Eq. ͑ 28͒ and the density profile ͑ 37͒ ͑full lines͒ are compared with the local Gaussian packet solution ͑dashed lines͒ for x 0 ϭ2. Upper curves ϭ10; lower curves ϭ50 ͑ s ϭ0.2 and ␣ϭ0.3͒. Due to the inhomogeneity of the diffusion coefficient, the density profile shows a tendency to skewness and it spreads preferentially towards the reference surface x ϭ0. 
The shearless results are recovered from Eqs. ͑45͒ by setting s ϭ0. Due to the shear, diffusion decreases with distance from the reference surface xϭ0. Hence, a density profile centered initially in x 0 0 spreads preferentially towards the reference surface and the magnetic lines tend to be located on the average in xϭ0 ͓Eq. ͑45a͒ and Fig. 2͔ . Moreover, the spreading is in every case slower in sheared than in shearless systems ͓Eq. ͑45b͔͒. We also underscore that the expansions ͑45͒, which are time-dependent, obviously break down after a certain time c . A rough estimation gives c Ϸ1/d m s 2 ; this limit will be confirmed in Sec. VI B. Finally, we note that Eq. ͑45b͒ yields a running ''diffusion'' coefficient,
The time-independent part of this expression is the ͑dimen-sionless͒ expansion in s of the wrong result, Eq. ͑8͒. Hence, Eq. ͑8͒ is an approximation of Eq. ͑45b͒ only for small : It does not provide the true asymptotic behavior ͑i.e. when →ϱ͒ of 2 , as was naively assumed in the Corrsin-based treatment of Sec. II. The deviations from Gaussianity can be characterized by the coefficient of skewness and the kurtosis ͑or standardized fourth moment͒ defined, respectively, as
For the Gaussian packet, ␥ 3 ϭ0 and ␥ 4 ϭ3. On the contrary, we obtain, from Eq. ͑37͒,
Equations ͑47͒ ͑also see Figs. 1 and 2͒ show that for small values of both ␣ and s , the deviations from Gaussianity remain weak, even for large . Due to the limit Ӷ1/d m s 2 , however, the density profile ͑37͒ does not describe the truly asymptotic behavior ͑i.e. for →ϱ͒ of the solution of Eq. ͑28͒.
B. The strongly anomalous asymptotic stage
In Figs. 3 and 4 , we plotted the numerical solution of Eq. ͑28͒ and the density profile ͑41͒ for very large values of ͑Fig. 5, where x 0 ϭ2 shows how the memory of the initial condition is asymptotically lost͒. Two different values of s have also been considered. Clearly, the deviations from Gaussianity are now essential. Figures 3 and 4 also show Eq. ͑37͒, which, obviously, no longer provides a relevant approximation of the solution of Eq. ͑28͒. In particular, Eq. ͑37͒ exhibits two maxima, which is a spurious feature. The moment at which these two maxima appear can be used to characterize the transition from the quasi-Gaussian stage, considered in Sec. VI A, to the asymptotic non-Gaussian stage. Let us make this more precise in the case x 0 ϭ0, which yields generic results for sufficiently long times. The derivative of Eq. ͑37͒ can then be approximated by its series expansion in s x, which is proportional to Both the skewness parameter and the kurtosis are thus asymptotically independent of ␣ and s . Moreover, ␥ 4 is approximately 72% of the Gaussian one.
VII. DISCUSSION
The statistical behavior of magnetic lines has been investigated for a sheared main magnetic field presenting a stochastic component in the xϪy plane. A Liouville equation is associated with the equations of motion for the magnetic lines. The Liouville equation is averaged over an ensemble of realizations of the magnetic field. Within the quasilinear approximation, it yields a convection-diffusion equation for the probability distribution function. Due to finite shear, the diffusion coefficients are space-dependent functions peaked around the reference surface xϭ0 with scaling x ʈ /L s Ќ . It implies that the shear slows down the ''diffusion'' of the magnetic lines away from xϭ0. The importance of this effect must be underscored. Indeed, even when x/L s Ӷ1, one usually has ʈ / Ќ ӷ1, which makes the ratio x ʈ /L s Ќ unconstrained. Hence, the effects of the shear can be significant, even in regions along the x-axis close to the reference surface ͑in the sense x/L s Ӷ1͒. Two diffusion stages can be distinguished: First, a quasi-Gaussian stage is observed, during which the density profile spreads with a rate ͑roughly͒ proportional to the local value of the diffusion coefficient D(x 0 ʈ /L s Ќ ͒. The latter is in any case smaller in sheared than in shearless systems. This initial stage occurs during an effective time ͑i.e. for a length along z͒, which might be very long. However, the actual asymptotic stage is definitely nonGaussian. The memory of the initial condition x 0 has then been lost and the density profile becomes symmetrically centered around the reference surface xϭ0. The latter can thus be seen as an ''attractor'' for the system. During this final stage the spreading is very slow, which leads to an effective subdiffusive behavior for the magnetic lines.
It is important to note that the Langevin approach is not appropriate for studying such subdiffusive behavior in sheared systems because of the non-Gaussian property. It is indeed impossible to get from the convection-diffusion equation a closed set of equations for the first two moments of the PDF. Moreover, the space-dependent diffusion tensor cannot, in such inhomogeneous systems, be deduced from the second moment. Another important consequence is that the Corrsin ͑or independence͒ approximation breaks down and, hence, must be relaxed. Indeed, this latter approximation implies that any Eulerian statistical property, like Gaussianity, is also observed in the Lagrangian picture, which is wrong in the present case.
Finally, let us consider the impact of these results for transport, i.e. when particles and collisions are included. Obviously, the asymptotic subdiffusive nature of the line spreading will influence the particle motion only if the particle sticks to the same magnetic line for enough z-length. As we know that the subdiffusion of the line occurs after a rather long z-path, this situation will happen for low perpendicular collision frequency , typically Շ1/ ʈ c ͓see Eq. ͑49͔͒. In the opposite limit of rather high perpendicular collision frequency, a particle will jump from a line to another before any subdiffusive spreading of the line. However, even in this case, the diffusion coefficient is locally smaller in a sheared system. We can thus expect the shear to slow down the spreading of the particles too. We intend to consider more deeply these questions in a forthcoming publication.
